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Abstract 



There has been some recent speculation that a connection may exist be- 
tween the quasinormal-mode spectra of highly damped black holes and the 
fundamental theory of quantum gravity. This notion follows from a conjec- 
ture by Hod that the real part of the highly damped mode frequencies can 
be used to calibrate the semi-classical level spacing in the black hole quan- 
tum area spectrum. However, even if the level spacing can be fixed in this 
manner, it still remains unclear whether this implies a physically significant 
"duality" or merely a numerical coincidence. This tapestry of ideas serves as 
the motivation for the current paper. We utilize the "monodromy approach" 
to calculate the quasinormal-mode spectra for a generic class of black holes in 
two-dimensional dilatonic gravity. Our results agree with the prior literature 
whenever a direct comparison is possible and provide the analysis of a much 
more diverse class of black hole models than previously considered. 



I. INTRODUCTION 

There has been a longstanding belief that the fundamental theory of quantum gravity 
— whatever that might be — should be able to resolve the theoretical problems of black 
hole physics. Most notoriously, do black holes lose information [1], what are the microstates 
responsible for the (Bekenstein-Hawking) black hole entropy [2,3], and should we worry 
about the apparent "trans-Planckian" effects of Hawking radiation [3]? (For some recent 
discussion on these issues, see, respectively, [4-6].) Turned around, it seems reasonable to 
suggest that black holes might be able to tell us something about quantum gravity. Indeed, 
it has become popular to look for "imprints" from the fundamental theory at the level of 
classical (or semi-classical) black hole physics. For example, it has been argued — on the 
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basis of black hole thought experiments — that there should be a fundamental limit on 
information storage capacity; with this limit coming in the guise of various entropy bounds 



A similar idea, philosophically speaking, is the "Hod conjecture" [10], which relates 
certain quantum (spectral) features of a black hole to the quasinormal modes of its classical 
perturbations. In particular, Hod has suggested that the highly damped quasinormal modes 
correspond to fundamental vibrational modes of a black hole horizon. As such, the Bohr 
correspondence principle then implies that the vibrational frequencies associated with these 
modes must appear as transition frequencies in the semi-classical energy spectrum of a 
quantized black hole. As this conjecture is a central motivation for the current work, let us 
now elaborate on the conceptual framework. 

First of all, the term "quasinormal modes" means, in a general sense, a discrete set of 
comp/ea;-frequency modes that are associated with any damped physical system and can be 
identified with complex poles in the scattering amplitude for the system under consideration. 
For a black hole system in particular, ^ small perturbations arising near the horizon will 
give rise to quasinormal modes on account of the spacetimc curvature acting like a damping 
potential. Moreover, these quasinormal modes are expected to dominate the gravitational 
wave signal associated with the dynamics of astrophysical black holes. 

Given a black hole in an asymptotically flat spacetime, it has been demonstrated that 
any perturbation will generate an infinite set of such modes [12] with a spectrum that is 
roughly of the form 



Here, n = 0,1,2,... is the discrete parameter labeling the modes, ^ and the unspecified 
numbers depend, in general, on both the type of perturbation (primarily, on its spin and 
angular momentum) and the black hole background. 

Now specializing to the case of a highly damped scalar or gravitational perturbation of 
a Schwarzschild black hole, one finds that, as n — > oo, ^ 



where k is the (black hole) surface gravity. Note that this result has been substantiated both 
numerically [13,14] and analytically [15-17], and also applies to d-dimensional Schwarzschild 
black holes (with d> 4) [16.18,19]. Further note that the angular momentum of the pertur- 
bation makes no contribution to the finite-order terms. 



^For an comprehensive review article on the quasinormal modes of black holes, see [11]. 
^Note that n, although discrete, is not a quantum number per se. 

^The relaxation time of the perturbation goes as the inverse of the imaginary part of the frequency. 
Hence, the limit of high damping is synonymous with the limit of large n. Further note that, 
although the highly damped limit is of interest to the theoretical community, it is actually the 
small n modes which are most significant to gravitational wave astronomers [11]. 



[7-9]. 



uo = in [real number] -|- [complex number] . 



(1) 




(2) 
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Another essential ingredient in Hod's conjecture is Bekenstein's notion of a quantized 
black hole area spectrum [20]. To elaborate, Bekenstein has argued — primarily, on the 
basis of the horizon area being an adiabatic invariant [2] — that the area (A) should have 
a quantum spectrum of the form (in Planck units) 

A{m) — me where m — 0,1, 2, ... , (3) 

with m designating the quantum number and e being an undetermined constant of the 
order unity. ^ Assuming that this is correct, one might expect the precise value of e to 
be a "residue" of the underlying fundamental theory. In particular, as originally noted 
by Bekenstein and Mukhanov [22], the Bekenstein-Hawking entropy formula {S = A/ 4 in 
Planck units) combined with a statistical interpretation of the entropy requires that e^^^ 
is an integer. This, in turn, constrains the spacing to take the form e = 41n(A;) for some 
integer k. 

The Hod conjecture is based on the idea that the quasinormal modes — a purely classical 
effect — can be used to fix, unambiguously, the "quantum-gravity parameter" e. Hod's main 
point is that, "in the spirit of the Bohr correspondence principle", the real part of the highly 
damped mode frequencies should be interpreted as a characteristic transition frequency (say, 
LOc) for the black hole [10]; so that (for Schwarzschild anyways) Uc — (K/27r) ln(3). Given 
this identification, some simple algebra then fixes e — 41n(3). The "miracle" is that this 
spacing, arrived at by purely semi-classical arguments, agrees with the above constraint (as 
motivated by quantum gravity) and fixes A; = 3. 

Remarkably, the above argument carries through, unfettered, for higher-dimensional 
Schwarzschild black holes (see [23] and [15]). It is perhaps useful for the ensuing discus- 
sion to show how Hod's conjecture can be applied to generic Schwarzschild-like black holes. 
Let us assume that there is only a single independent dimensionful parameter needed to 
describe the black hole geometry, which can be taken without loss of generality to be the 
Hawking temperature T. Then, on dimensional grounds, the real part of the large-damping 
quasinormal-mode frequency must be proportional to T: 

^c^\t. (4) 

If ujc is indeed a fundamental vibration frequency associated with black holes, then standard 
arguments (see [23] and references therein) imply that the following is an adiabatic invariant 
with an equally spaced spectrum at the semi-classical level: 

where E is the black hole energy and the thermodynamic first law has been applied. Thus, 
the semi-classical spacing of the Bekenstein-Hawking entropy (and, hence, the black hole 
area) is generically determined by uJc to be 



^There has since been many studies that have argued for this spectral form using more rigorous 
methods. See [21] for a Hst of references. 
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(6) 



Given that S has a statistical-mechanical interpretation in terms of black hole microstatcs, 
then S = mln{k), which requires e = 41n(A;). Note that this argument requires only three 
things: (i) Hod's conjecture that ujc is a fundamental oscillation frequency associated with 
the black hole, (ii) the first law of black hole thermodynamics, and (in) the existence of a 
only a single dimensionful parameter. It is the absence of this last condition that makes it 
difficult to apply the above argument directly to more general types of black holes; such as 
black holes that are rotating or charged, or those in a non-asymptotically flat spacetime. 

We should note, in passing, that the Hod conjecture has played a recent, prominent role 
in attempts to fix the Immirzi parameter [24] (which is closely related to Bekenstein's e) 
in the area spectrum of loop quantum gravity (LQG) [25]. Most significantly, it has been 
suggested that the presence of ln(3) implies a change in the LQG gauge group from SU (2) 
to 5*0(3) [26]. On the other hand, some very recent calculations of the Immirzi parameter 
[27,28] cast serious doubts on the feasibility of applying Hod's conjecture in this particular 
context. As this affair remains currently unsettled [29], we will comment no further on the 
LQG connection at this time. 

It is not our intent to debate, one way or the other, whether the Hod conjecture truly 
represents a duality between quasinormal modes and quantum gravity or is, rather, just a 
numerical coincidence. (For some discussion in support of the latter viewpoint, see [30,31].) 
Nonetheless, one can reasonably argue that a minimal requirement for the former perspective 
is some degree of universality; inasmuch as e should not be a particularly model-specific 
parameter if truly representative of the fundamental theory. Hence, one might hope that, 
at the very least, the same value of e would be found for any single-horizon black hole in 
an asymptotically flat spacetime. ^ If this were indeed the case, then — by virtue of the 
conjectured duality — one would expect the quasinormal spectra of all such black holes to 
limit to the same value of 3?(c<j) /k.^ Thus, in order to understand the physical significance (if 
any) of this circle of ideas, it becomes important that the quasinormal modes are investigated 
in as broad a context as possible. Unfortunately, the various technical difficulties associated 
with quasinormal-mode calculations have impeded progress along such general lines. ^ 

Let us now turn our attention to two-dimensional theories of dilatonic gravity. Two- 



is now well known that, for a black hole in an asymptotically de Sitter or anti-dc Sitter 
spacetime, the quasinormal-mode spectrum will be qualitatively much different than that of an 
asymptotically flat spacetime [32]. It is up to the individual reader to decide if the Hod conjecture 
should be required to persist under such conditions. 

^One could legitimately argue that e could still be dependent on the dimensionality (d) without 
jeopardizing the conjectured correspondence. Such a dependence, however, does not occur for (at 
least) d > 4, since e has already been calculated to be 4 ln(3) for d-dimensional Schwarzschild black 
holes [16,18,19]. 

^However, for some substantial progress at generality, see [33], which extends the WKB analysis 
of [17]. 
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dimensional models have, often in the past, served as a useful framework for exploring 
gravity-related issues; both at the semiclassical and quantum level. (For reviews and refer- 
ences, see [34,35].) The aim of the current paper is to use this lower-dimensional context as a 
means for calculating the quasinormal-mode spectra for a wide class of single-horizon black 
holes. (Dilatonic gravity can also be used, in principle, to study more complicated types 
of black holes, but we will defer such endeavors until a later time.) Let us point out that, 
although two-dimensional theories of gravity are interesting in their own right, such mod- 
els can also have physical significance as representing reduced forms of higher-dimensional 
gravity. For instance, a class of dilaton-gravity models arises from the spherically symmetric 
reduction of d-dimensional Einstein gravity (with d> 4) [36] , while another class arises from 
the axial reduction [37] of the {d = 3) BTZ black hole [38]. 

The rest of the paper proceeds as follows. In the next section, we introduce our generic 
dilaton-gravity model; discussing the action, solutions and (briefly) the thermodynamics. In 
Section III, we consider an appropriate wave equation and cast it into a form that is suitable 
for the analysis of the quasinormal modes. The quasinormal spectrum is then calculated 
(for a still quite general class of "power-law" theories) in Section IV. More specifically, we 
are able to extend the powerful monodromy methodology of [16] into this dilaton-gravity 
framework. Section V contains a summary and discussion of our results. Finally, there is 
an appendix, where we provide a more detailed account of the monodromy calculation. 



Let us begin by introducing our generic model of interest. To be precise, we will consider 
the most general 1+1-dimensional action that depends on a metric tensor and a dilaton 
scalar ($), and complies with diffeomorphism invariance and no more than two derivatives 
of the fields; that is [39,40], 



Here, D and V$ are arbitrary (i.e., model-dependent) functions of the dilaton, while G (a 
dimensionless gravitational coupling) and / (some length scale) may be regarded as funda- 
mental parameters of the two-dimensional theory. 

With the modest constraints that both -D($) and its derivative are non- vanishing func- 
tions, there exists a field reparanietrization which conveniently eliminates the kinetic term 
of the action [41]. To elaborate, by defining 



II. THE MODEL 






(8) 



(9) 



= D{<^) , 



(10) 
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(11) 



we then obtain 



1 

2G 



(fx. 
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p 



(12) 



Given that the model admits black hole solutions — which will always be assumed here — 
it can be shown that any thermodynamic property of the black hole is invariant under such 
a field reparametrization [42,43]. Hence, it will be sufficient, for current considerations, to 
work with the revised form of the action (12). 

One of the virtues of the reparametrized action is that the general solution can readily 
be obtained [42,44]. More specifically, the gauge choice 



X 



leads to a (static) Schwarzschild-hke metric. 



ds'^ = -f{x)df + f-\x)di 



X 



(13) 



(14) 



where 



f{x) = J{x) - 21GM . (15) 

Here, M > is a constant of integration that can be identified with the conserved mass of 
the black hole [45] and 

J[ci>{x)]= f~^\S)d^^ (16) 

with the integration constant having already been incorporated into the observable M . 

Although a fully general treatment is (at least in principle) possible, we will often focus 
on a particular class of "power-law potentials" ; namely, 

n ~ > (17) 

so that 

J ~ (j)^-^ . (18) 

In concentrating on the power-law class, one of our motivations is that it enables a precise 
prescription for the admission of black hole solutions. The relevant class of models turns 
out to be -1 < 6 < +1 [46]. 

Such power-law potentials can also be motivated from the perspective of "physically 
relevant" models; by which we mean two-dimensional gravity models that are obtained from 
the dimensional reduction of a higher-dimensional theory. Most notably, the spherically 
symmetric reduction of n-|-2-dimensional Einstein gravity (with n > 2) yields, after the 
appropriate parametrizations, a power- law potential with h — 1/n [36]. In fact, many (if 
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not most) of the models considered in the hterature take on a power-law form [although 
not necessarily in compliance with equation (23) below]. Other popular theories include 
Jackiw-Teitelboim gravity [47] (or, equivalently, the dimensionally reduced BTZ black hole 
[38,37]) with 6 = -1, and the Weyl-rescaled CGHS model [48] with 6 = [49]. 

For future reference, we will fix (without loss of generality) the implied prefactor in 
equation (17) equal to (1 — 6), so that J = (f)^~^ and, consequently. 



fix) = i^jj - 21GM (19) 

describes the power-law metric. The black hole horizon — in general, defined by the relation 
J{x — Xh) — 2GMI — is now readily located: 

Xh ^ 1[21GM]^/^-'' . (20) 

As a related matter of interest, any model that does admit black hole solutions has an 
associated temperature (T), surface gravity (k) and entropy (S), which are given by [42] 



27r 47r dx 



- iri^^M , (21) 

X=Xh 



S^-^<I>H, (22) 

where (of course) (1)^ = x^/l. Note that the temperature follows from the usual Gibbons- 
Hawking prescription [50], while the entropy then follows from the first law of thermody- 
namics. ^ It is also worth re-emphasizing that any of these thermodynamic properties is 
invariant under our prior field reparametrization. 

One final point concerning the thermodynamics: Rewriting the entropy as 5 ~ 0/i ~ 
l^c/, equations (13) and (20)], we see that, if the entropy is to grow with the mass, the 
bound 6 < 1 is required. Moreover, similarly re-expressing the temperature as T ~ 0^'' ~ 
^-6/(1-6)^ we observe that, if the temperature (and surface gravity) is to decrease with 
increasing energy, the bound 6 > is required. (Although counter-intuitive, the resulting 
negative heat capacity is the normal state of affairs for a Schwarzschild black hole [50].) On 
this basis, we will ultimately restrict considerations to the sub-class of power-law potentials 
having 

< 6 < 1 . (23) 

Furthermore, given the power-law form, this upper bound is, as previously mentioned, nec- 
essary for the existence of black hole solutions; whereas the lower bound ensures that the 
physically relevant solutions of the "fundamental" action (7) will be asymptotically flat. 



®The entropy can also be calculated with Wald's Noether charge formalism [51], which then — 
via the first law — provides an independent verification for interpreting M as the black hole mass. 
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III. THE WAVE EQUATION 



Before embarking on a quasinormal-mode analysis of our dilaton-gravity model, we first 
require a suitable generalization of the (usual) Klein-Gordon equation. Significantly, this 
equation should describe the dynamics of a matter perturbation in the two-dimensional 
black hole background [as described, in full generality, by equations (13)-(16)]. Let us allow 
for an arbitrary coupling [say, h{(f))] between the dilaton and the matter perturbation, then 
the following can be viewed as a natural generalization: 

V^* = d, [^h{cj>)g^''d,^] = . (24) 

Here, the perturbation field, ^ — ^{x,t), is taken to be a scalar (spinless) field. This choice 
is motivated by two-dimensional gravity being a topological field theory, and so there can 
be no propagating physical modes; in particular, no gravitons nor photons [52]. (Note that, 
as is typical, we consider the case of a massless perturbation.) 

An essential feature of in two dimensions is its invariance under a conformal 
reparametrization of the metric. This observation (along with the similar invariance of 
any thermodynamic property) tells us that our prior field redefinitions will in no way effect 
the physical spectrum of the quasinormal modes. 

From a two-dimensional perspective, the coupling h{(f)) = h{x) could only be decided after 
one has explicitly specified the theory. On the other hand, when the model has a higher- 
dimensional pedigree, the natural choice would be the part of the (higher-dimensional) 
metric determinant that is "lost" in the reduction procedure. ^ For instance, in spherically 

symmetric Einstein gravity, one would be inclined to set h equal to \J —g^^^'^'> — r", where 
r is the (standard) Schwarzschild radial coordinate for the ra+2-dimensional theory. As it 
happens, this choice translates into h = 4> [36]. Nonetheless, we will keep things rather 
general for the moment. 

To obtain a operational form of wave equation, it is convenient to (i) employ a separation- 
of- variables technique and (ii) introduce a generahzed "tortoise coordinate". The first step 
can be realized by expressing the perturbation field as follows: 

= ^ifLe^-*, (25) 
^h(x) 

where uj is the frequency and the spatial wavefunction, ip{x), has been defined in a way that 
ensures the simplest possible wave equation. In direct analogy to Schwarzschild calculations, 
the second step is realized by the relation 

where z denotes the tortoise- like (spatial) coordinate and f{x) is the metric function of 
equation (15). Although z can not be solved for in a closed form under generic circumstances. 



^This perspective follows from the presumption of diffeomorphism invariance in the higher- 
dimensional theory. 
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we can still make some pertinent observations: z must diverge at the horizon (where / ^ 0) 
and, for a metric of the asymptotic form / ~ x^^^, z will go as x^ at spatial infinity. This 
means that, as long as / ~ x^~'^ with 6 > is valid as a; — > oo [which can be viewed as a 
generalization of the lower bound in equation (23) ^°], the black hole exterior x e {xh, oo) 
maps into the entire real line z e (— oo, +oo). 

Incorporating the above relations and the static solution (13)-(16) into equation (24), 
we eventually obtain the following Schrodinger-like form (in direct analogy to the Regge- 
Wheeler equation [11]): 

dliPiz) - U[z{x)]iP{z) = -LU^iPiz) , (27) 
where the "scattering potential" is given by 



fh" + f'h' -\L^h'f 



(28) 



with a prime denoting a differentiation with respect to x. 

Significantly, we have attained a one-dimensional scattering problem (mapped to the 
entire real line) with a "mostly positive" potential. (By "mostly positive" it is meant that 
the potential is positive at least in the proximity of the horizon; this being the region of 
the spacetime that is most relevant to the physical scattering problem [53].) Note that it 
is the latter feature that leads to complex-frequency solutions and, hence, the notion of 
quasinormal modes. 

It is, of course, the scattering potential, U{x), that ultimately determines the spectral 
features of these quasinormal modes. For future purposes, let us specialize our generic result 
(28) to the power-law potential; that is, we now set V^(0) = (1 — h)(t)~^ or, equivalently, 
f{x) = {x/lY^^ - 21GM (with < 6 < 1). As motivated below, we also set h ^ (f)"- (with 
a > 0) to obtain 



U{x) = — 



(a -2)4 4^ 

X^ I X 



(29) 



Regarding the matter-dilaton coupling, it may not be a priori clear as to what form /i(0) 
should adopt in this framework. Nevertheless, let us recall that, in the physically motivated 
case of spherically reduced Einstein gravity (for which 6 = 1/n in n+2 dimensions), the 
natural choice appears to he h — (f). On this basis, it would then seem reasonable to use 
our power-law ansatz oi h — (j)"'. To keep matters as general as possible, we will regard a 
as an arbitrary (coupling) parameter with the constraint that a > 0; although keeping in 
mind that a = 1 is a particularly well-motivated choice. (Note that a = coincides with the 
trivial case of a vanishing potential. Further note that a < will jeopardize the positivity 
of the potential in the critical near-horizon region. ^^) 



Moreover, this constraint on / complies with our prior notion of asymptotic flatness. See the 
final paragraph in Section II. 

^■"^ Actually, this positivity may not be immediately apparent for < a < 2. Nonetheless, the 
sceptical reader should notice that, for this range of a values, the second (intrinsically positive) 
term in equation (29) will inevitably win out near the horizon (where / — > 0). 
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IV. THE QUASINORMAL MODES 



Taking equations (27) and (29) as our starting point, we will now investigate the asymp- 
totic nature of the associated quasinormal-mode spectrum. But, before getting into specifics, 
some general commentary on the nature of the problem (including the boundary conditions) 
is in order. 

Because of our physically motivated restrictions on the solution {i.e., < b < 1 and a > 
0), it is clear from equation (29) that the scattering potential has the following properties: 
(i) it is mostly positive (in the sense described above) and (ii) it decays to zero at both 
the horizon and asymptotic infinity. [To be explicit, the asymptotic form as x — > oo is 
U ~ a{a — 2b) / [APIP'z^) with z ~ x^] On the basis of these properties — reminiscent of a 
highly damped system — one anticipates that there will be no normalizablc bound states. 
However, there can still be a set of discrete states with complex-valued frequencies; these 
being the so-called quasinormal modes. Essentially, each of these modes is identifiable with 
a pole in the scattering amphtude (see [11] for further background). 

Since f/[z(a:)] goes to zero at both the horizon {z — > — oo) and spatial infinity {z — > oo), 
it immediately follows from equation (27) that 

i^iz) ~ e^^'^^ as z^±oo. (30) 

One normally proceeds by imposing "radiation" boundary conditions, so that the mode is 
a purely ingoing plane wave at the horizon and purely outgoing at infinity. Considering our 
prior convention of ~ e^^*", the appropriate boundary conditions become 

il^iz) ~ 6+^^"^ as z^-oo , (31) 

V'(-z) ~ e-^'^^ as z^+oo . (32) 

Note that any damped mode must decay with time [and so 9(a;) > 0]; meaning that the 
"absent components" (outgoing at the horizon and ingoing at infinity) would have to be 
exponentially suppressed anyways. This subtlety (amongst others) has impeded general 
progress in quasinormal mode calculations. One possible resolution, as proposed in [16], is 
to analytically continue instead of a;, and then consider the boundary conditions as the 
product ujz ±oo. Consult [16] for further discussion. 

There are, by now, many documented techniques for calculating the quasinormal-mode 
frequencies; both numerical and analytical. (For an up-to-date survey, sec [19].) Here, 
we will focus on an analytical method that is particularly well suited for determining the 
frequencies in the highly damped [Q'(cj) oo] limit; namely, the "monodromy procedure" 
of Motl and Neitzke [16]. In a nutshell, their methodology is based (in a Schwarzschild 
framework) on considering the complex-r plane (including the black hole interior) and then 
computing the monodromy that the wavefunction picks up (relevant to the singular horizon 
point) in two distinct ways. These two calculations can then be matched — in the limit of 
high damping — resulting in an equation from which the quasinormal-mode spectrum can 
readily be extracted. It is encouraging that, for the four-dimensional Schwarzschild black 
hole, their outcome agrees with earlier numerical calculations [13,14]. 
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Although wc intend to adapt this monodromy method to our generic dilaton model, it will 
(thankfully) not be necessary to reiterate the rather technical procedure. (We do. however, 
provide a somewhat technical outline of the procedure in an appendix. The interested reader 
can also consult the original work [16] for further details.) Instead, we will demonstrate the 
similarities between our problem and the Schwarzschild one, and use this as a basis for 
suitably generalizing the results of [16]. 

First of all, let us point out that the complex-r plane of the Schwarzschild black hole is 
qualitatively similar to the complex-x plane of our dilatonic black hole model. In particular, 
the key elements in common are two regular singular points at the spatial origin and the black 
hole horizon and an irregular singular point at spatial infinity. Note that the calculation 
is insensitive to any subtle differences that may exist. Actually, what is important to the 
monodromy calculation is the near-origin form of the scattering potential when expressed in 
terms of the tortoise coordinate; this point is elaborated on in section 3.1 of [16] (where the 
authors generahze considerations to higher-dimensional Schwarzschild black holes — also 
see [18]). 

In view of the above observation, let us see what does happen to be the behavior of 
our scattering potential near the spatial origin; especially, its functional dependence on the 
generalized tortoise coordinate [i.e., z as defined by equation (26)]. To proceed, it will be 
necessary for us to take the near-origin limit of a few quantities. First consider that (near 
X — 0) f ^ —21GM. Then, since V/x ~ x'^'''^^^ "blows up" slower than x""^, equation (29) 
gives us 

a(a-2)(|GM£ 

Ax^ 

Now consider that, in the near-origin limit, equation (26) can be trivially integrated to 
yield x — —{2lGM)z. Hence, the above expression for U can be rewritten as 

Uiz -0)^ . (34) 

Remarkably, this is identical to the near-origin form of the potential derived in [16] [c/, their 
equation (13)], insofar as we make the identification 

a=l±j, (35) 

where j is the spin associated with the Schwarzschild perturbation. (Note that, typically, 
j — 0, 1, 2, etc. — so that, given j, we can choose the sign by requiring that a > 0.) 

In view of these observations, the monodromy calculation of [16] should carry through, 
almost verbatim, provided that we make the specified substitution. In this spirit, we have 
obtained (see the appendix for an elaboration) the following relation: 

g2^a;/« ^ _ (1 ^ 2 cos[7r(a - 1)]) , (36) 
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As in [16], the constant of integration is chosen so that z = at the origin. 
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where k is the surface gravity of the dilatonic black hole [c/, equation (21)]. It is worth em- 
phasizing that K, appears because of a contour integral around the event horizon. Moreover, 
the appearance of the surface gravity is, in fact, a universal consequence of the near-horizon 
form of the tortoise coordinate. By which we mean that 

'^'^ ^Mx-Xh) (37) 



f{x) J {x - Xh)f'{xh) 2k 

is universally valid. (Also see equation (47) of [16] along with the related discussion.) 

Another interesting feature of the relation (36) is that the right-hand side depends only 
on the value of a; namely, a parameter that determines the coupling between the dilaton and 
the matter perturbation. Which is to say, the quasinormal modes seem rather indifferent 
to the form of the gravitational action itself; hence, we can see the first glimpses of the 
universality that is suggested by the Hod conjecture [10]. 

Although a was left arbitrary in our formalism, two results immediately jump out. Firstly, 
when a is any even integer, the right-hand side of this expression becomes unity, and it follows 
that the real part of each mode frequency vanishes asymptotically. This is similar to what 
is found for electromagnetic (j = 1) perturbations in many black hole models (including 
Schwarzschild). Meanwhile, when a is any odd integer, the right-hand side becomes —3. 
Solving this relation, we find that 



u — IK 



1 

"+2 



+ ^Hi), (38) 



where n takes on positive integral values (the positivity is enforced by the boundary condition 
that $5(cj) > 0). Actually, this is not quite right because, as previously mentioned, the 
monodromy calculation only has validity in the asymptotic limit of high damping. Hence, 
it is more accurate to write 



CO — IK 



1 



+ — ln(3) + 0[n-^/^] as n ^ oo . (39) 
27r 



But, any way you slice it, this is precisely the highly damped spectrum that is obtained 
for scalar {j — 0) or gravitational (j = 2) perturbations of a d-dimensional Schwarzschild 
black hole (with d > 4). In particular, a — 1 — that is, the preferred choice of coupling 

parameter as motivated by spherically symmetric Einstein gravity — gives us precisely 
the Schwarzschild spectrum. This "coincidence" provides a nice consistency check for our 
calculation. 



V. DISCUSSION 



In summary, we have considered a generic model of two-dimensional dilatonic gravity cou- 
pled to a (scalar) matter perturbation. Most importantly, we have utilized the monodromy 
technique of [16] to calculate the frequency of the highly damped quasinormal modes; in- 
cluding the (sub-leading) real part. For the particular case of spherically symmetric reduced 
Einstein gravity, we were able to substantiate that the real part goes asymptotically to 
Tln(3); in compliance with previous calculations for a d-dimensional Schwarzschild black 
hole [16,18,19]. 
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An interesting subplot is the direct connection between a (a parameter which determines 
the two-dimensional matter-dilaton coupling) and j (the spin of the higher-dimensional mat- 
ter perturbation); c/, equation (35). Consequently, we can effectively mimic different types 
of perturbations by judiciously selecting the parameter a; even though, typically speaking, 
two-dimensional gravity can only support scalar {j — 0) perturbations. It might prove to 
be informative if this connection could be given a physical motivation. 

Although the agreement with known results is quite gratifying, our formalism is making a 
much more powerful statement than just this. To elaborate, one might expect that virtually 
any single-horizon and asymptotically flat black hole spacetime would have a dimensionally 
reduced form that complies (after a suitable process of reduction and reparametrization) with 
the model we have been studying. Then, since the final result for the mode spectra depends 
only on k and a, it is feasible that, for any such black hole, the real part of the frequencies 
may asymptote to Tln(3). If this were indeed the case, it would establish conjectures of 
universality that have been made in, for instance, [23,33]. This type of universality should 
be regarded as a minimal requirement if one is to take the Hod conjecture [10] seriously as 
a statement about quantum gravity. 

On the other hand (staying with the Hod conjecture), our calculation enables one to see, 
quite clearly, where the relevant contributions to the mode spectra come from. For instance, 
the exponent in equation (36) or 2t:ijjh {i.e., the surface gravity) comes directly from a 
contour integral around the event horizon. Moreover, the In (3) comes from the matter- 
dilaton coupling, with the choice of a = 1 (for spherically reduced Einstein gravity) being a 
direct consequence of the diffeomorphism invariance of the higher-dimensional theory. With 
this knowledge in hand, there no longer seems to be anything "mystical" about the presence 
of ln(3). In fact, it becomes difficult to see where there could be any deep connection with 
quantum gravity! 

Irrespective of such speculations about quantum gravity, it would be interesting to see 
how much more can be deduced about quasinormal modes in the lower-dimensional frame- 
work of dilatonic gravity. The power of two-dimensional gravity is that it allows one to 
examine a large class of theories with a single and relatively simple model; with the un- 
derlying diversity being reflected in a few adjustable parameters (such as our power-law 
coefficient h). For starters, we hope to extend the analysis beyond this simple power-law 
class of potentials; part of our motivation for maintaining generality throughout much of 
the analysis. In this regard, it should, however, be pointed out that our quasinormal- mode 
analysis depends (for the most part) only on the behavior of the tortoise coordinate at the 
horizon, the origin and spatial infinity. Which is to say, one can readily confirm that the 
prior analysis carries right through as long as, for a given model, the following conditions 
are met: (i) V(f, maintains the necessary asymptotic behaviors; namely, V"^ ~ with h <1 
near the origin [thus ensuring f/(~ 0) ~ z""^] and V<^ ~ with 6 > at spatial infinity 
[thus ensuring 2; — > cxd], and (ii) V^is a. monotonic function of 4> (because, given the correct 
asymptotic behaviors, this would be sufficient to ensure a single-horizon black hole solution). 

However, it is not so trivial to generalize matters to dilaton-gravity models with two 
conserved charges (or, equivalently, spacetimes with two horizons). Such models arise quite 
naturally when one considers, for instance, spherically reduced Einstein-Maxwell gravity 
[54,55]. Progress along these lines could certainly help us to better understand the physical 
meaning of the Hod conjecture and, perhaps, quantum gravity in general. 
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Finally, let us end with a discussion on what is a generic issue of the monodromy proce- 
dure. At an intermediate step in the calculation, one finds that the formalism breaks down 
for a scalar perturbation [j = 0) in higher-dimensional studies [16] or for an a = 1 coupling 
in ours. [See the note following equation (50).] This is, however, not really a problem, as 
long as one understands that the j = or a = 1 case is to be handled in a "hmiting sense" 
[56]. Nevertheless, one might well ask if there is some sort of physical significance to this 
type of occurrence. 

To address this last point, let us make a pertinent observation as follows: If we redefine 
the spatial wavefunction so that 

X{x) = 4nx)^{^) , (40) 
then the scattering equation (27) can be recast into the form 

x" + it:(x)x = o, (41) 

where 



u? - U(x) + 



4 2 

Now specializing to our power-law model, we find that, near the origin. 



(42) 



aia — 2) . . 

R{x ~ 0) . (43) 

Hence, the near-origin form of the (revised) scattering equation (41) can be written as 

Hx{x) = , (44) 
with the "Hamiltonian" operator being expressible as 

where we have defined a "coupling constant", Qc = a{a — 2)/4. Remarkably, this is exactly 
the form of the Hamiltonian operator for conformal quantum mechanics [57]. Moreover, 



^^Note that this form can also be used as the basis for a WKB analysis of the quasinormal modes 
[17] (also see [33]). The full WKB analysis for the case of generic two-dimensional dilatonic gravity 
will be presented elsewhere. 

^^It should be noted that the same observation about conformal quantum mechanics also follows 
from the z-coordinate form of the scattering equation; c/, equation (34). Nonetheless, we have 
chosen to work in terms of the coordinate x because the above formalism makes it quite clear as 
to how the Hamiltonian can take on the conformal form both near the origin and at the horizon; 
cf, the third term on the right-hand side of equation (42) . 
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the well-known critical value of the coupling constant — gc — —1/4 — occurs when a — 1; 
precisely at the same point where the limiting procedure is required. 

We expect that the appearance of conformal quantum mechanics is more than a mere 
coincidence. Indeed, this same form of Hamiltonian appears when a scalar probe is used 
to investigate the near-horizon dynamics of a Schwarzschild black hole [58,59]; clearly, a 
dynamical framework that is closely related to the quasinormal modes. Furthermore, as 
speculated in [59], there is probably a deep connection between this realization of confor- 
mal mechanics and calculations of the black hole entropy that are based on near-horizon 
conformal symmetries [60,61]. We hope to readdress such fascinating ideas at a future time. 

APPENDIX: THE MONODROMY CALCULATION 

Here, we provide a more detailed account of how equation (36) is obtained by way of 
the monodromy approach. We will, however, provide only a somewhat brief sketch of the 
computation; glossing over many of the technical caveats. The reader is referred, once again, 
to [16] for many of the finer subtleties of the calculational procedure. 

The basic idea is to impose the highly damped hmit or Q{cij) » $R(a;) (with both 
quantities taken to be positive) and then calculate the monodromy of the wavefunction in 
two distinct ways. These two results can then be matched to obtain the desired relation. 

We begin here by considering a suitably constructed contour in the complex-x plane or, 
more accurately, the complex- 2; plane. However, before getting started, we will (for "best 
results" ) perform a "Wick rotation" of z, so that the boundary condition at spatial infinity 
(^ or a; — > 00) now becomes uz 00. It is convenient if the contour is initiated in this 
particular asymptotic region — effectively, this means starting on the negative imaginary 
axis of ^ — where we know [c/, equation (32)] that 

ipiz) ~ e'^^ as a;^ ^ +00 . (46) 

Next, we follow the line 'is{LVz) = until the near-origin region is reached. (Note that the 
plane- wave behavior should prevail until this interior region, since o;^ will dominate over the 
scattering potential up to a small neighborhood of the origin.) Let us appropriately recall 
the near-origin form of the scattering equation [c/, equations (27) and (34)], 

^{z) =0 as z^Q . (47) 

Conveniently, this equation can be solved exactly as a linear combination of Bessel functions 
[62]: 

ip{z) — Aj^Cj^\/uJzJj^v{ujz^ -|- A^C-\fijJzJ -iiiujz^ , (48) 

where v = [a — while the products c+A+ and c_A_ represent constant coefficients. 
Following [16], we will choose the "normahzation factors" (denoted by c±) so that 

c±\/ujzJ±^{ujz) ~ 2 COS [ujz — a±) as ujz ^ 00 , (49) 

with 



a[a 



2) 



4^2 



UJ 
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«±^^[l±2H = f [1±(«-1)] ■ (50) 

Note that, when z/ = 0, the Bessel function is simply a constant and equation (49) is, strictly 
speaking, no longer accurate. Hence, when applied to the case of a = 1, the subsequent 
formalism should be understood in a "limiting sense" [56]. 

Using equations (48) and (49), as well as the boundary condition of equation (32) (which 
indicates that the coefficient of e^'^^ must vanish as — > oo), we can deduce the constraint 

^+e-^°+ + A_e-^"- = . (51) 

Reapplying equations (48) and (49), we also find that 

il){z) - [/l+e+*"+ + A_e+^"-] e-'""' as ujz ^ oo . (52) 

Let us now continue the contour in the following manner: We want to extend the con- 
tour from the negative imaginary axis of z {^{uoz) oo) to the positive imaginary axis 
{^{ujz) —>■ — oo) while missing the origin. As it turns out, this action necessitates a counter- 
clockwise rotation of Stt about the singularity [16,18,56]. [In determining this angle, we are 
appealing to the structural similarity between our model and the Schwarzschild one; espe- 
cially with regard to the complex-z plane in the limit of high damping. More to the point, 
when \uj\ is large enough — thereby dominating the scattering problem except in a small 
neighborhood of the origin — then only the near-origin form of the potential is important. 
Relevantly, the near-origin form of our potential is identical to that of the Schwarzschild 
model when each is expressed in terms of their respective tortoise coordinates. This means 
that, essentially, any (hypothetical) observer "living" in the complex 2;-plane would be un- 
able to distinguish between the highly damped limits of either scattering problem. ^^] Using 
some well-documented transformation properties of the Bessel functions [62] to handle the 
rotation, we eventually arrive at 

c±\fojzJ±i, ~ e^*"='=2cos {—ojz — a.±) as loz ^ — oo . (53) 

By way of equations (48) and (53), we then have 

'^{z) ~ [A+e^^°+ + A_e^^"-] e"^'"" + [A+e^^"+ + A_e^^°-] 6+^"^^ as o;^ ^ -oo . (54) 

Finally, the contour is continued (clockwise) along a large semicircle — encircling the 
horizon — that brings us from the asymptotic region loz — oo back to our starting 
point of LOZ — > oo. Significantly, the semicircle is strictly in the region where uJ^ dominates 
over the potential, and so plane-wave behavior again prevails. Given our limit of infinitely 
large damping (meaning that a WKB type of approximation for the scattering problem 
must certainly be valid), it follows that, after completing this contour, the coefficient of 



^^Note that, by dealing directly with the complex-z plane, we circumvent any subtle differences 
that might exist between our complex-x plane and the Schwarzschild complex-r plane. 
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the asymptotically dominant plane wave (e~*'^^) should remain unchanged. Hence, this 

outgoing plane wave picks up the following monodromy about the specified contour [cf, 
equations (52) and (54)]: 

. • (55) 

Using the boundary constraint (51) to eliminate the constants A± and then simplifying, one 
finds that equation (55) reduces to 

g6ia+ _ g6ia_ sin(37rz/) ^ 

-IT. = — r = - 1 + 2 cos(27ri/ . 56) 

g2i«+ _ g2ja_ sm(7rz/) L V yj V ; 

The above analysis completes one way of calculating the monodromy. A second way 
follows from the observation that the only singularity of '0(^) inside our chosen contour 
occurs at the horizon. So let us consider the near-horizon form of the wavefunction [c/, 
equations (31) and (37)], 

ip{z) 6+*'^'^ exp [iujhi{x - Xhj/i^K)] as z ^ -oo . (57) 

This form tells us that going once around the horizon singularity clockwise {i.e., our chosen 
contour), multiplies the wave function by ^^'^^K'^'^) _ However, the same action multiplies the 
outgoing wave (e^"^^) by e-2'r'^/(2ft) xhat is to say, the coefficient of e~*'^^ must be multiplied 
by a monodromy of 

g27ra>/(2K) 

g-27ra;/(2K) = ^^'^'^''^ " (5^) 

Finally, matching the two calculations for the monodromy (56) and (58) and then insert- 
ing u — [a — l)/2, we obtain our spectral-defining relation; namely, equation (36). 
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Conversely, the same claim can not be made about the coefficient of e^*"^^, which is exponentially 
suppressed and, therefore, much more sensitive to small corrections in a WKB-like approximation. 
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